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Non-perturbative methods play an important role in quantum many-body systems, especially in
situations with an interplay of continuum and bound states and/or large coupling strengths between
the constituents. We here employ the Luttinger-Ward functional (LWF) to compute the equation
of state (EoS) of the quark-gluon plasma (QGP) using fully dressed self-consistent 1- and 2-body
propagators. The ladder diagram series of the LWF is resummed using a “matrix log” technique
which accounts for dynamically formed bound and resonant states. The in-medium interaction
kernel is constrained by lattice QCD and the pertinent pressure of the QGP is fitted with an effective
parton mass parameter. We find that, as the pseudo-critical temperature (Tpc) is approached from
above, the quasi-particle peaks in the parton spectral functions dissolve as a consequence of large
scattering rates, which in turn are driven by dynamically formed pre-hadronic states. Our results
suggest that a gradual emergence of hadronic states is intricately related to the strongly coupled
nature of the QGP near Tpc. This is further corroborated by computing the temperature dependent
viscosity-to-entropy ratio and heavy-flavor diffusion coefficient.
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The investigation of the quark-gluon plasma (QGP)
and its transition into hadrons remains a challenging task
in nuclear research. The strongly coupled nature of this
medium, as borne out of a variety of observables in high-
energy heavy-ion collisions [1, 2], requires the use of non-
perturbative methods, both in terms of the underlying
partonic interactions as well as the many-body frame-
work used to implement them. Large scattering rates of
the medium partons are expected to lead to strong quan-
tum effects while the formation of bound states near the
pseudo-critical temperature, Tpc, characterizes the onset
of hadronization. The interplay of bound and continuum
states is a key feature in a wide variety of quantum many-
body systems, e.g., cold atomic gases [3], electromagnetic
and electron-hole plasmas [4, 5], or nuclear matter [6].
In the present work we employ the Luttinger-Ward-
Baym (LWB) formalism [7–9], which allows to include
the full off-shell dynamics of the in-medium particle prop-
agators and scattering amplitudes self-consistently in a
conserving approximation. It furthermore provides a di-
rect connection between the bulk and spectral properties
of the system, as well as to its transport properties, thus
providing a bridge to phenomenological applications in
heavy-ion collisions. In particular, the bound-state con-
tribution to the equation of state (EoS), encoded in the
Luttinger-Ward functional (LWF), Φ, will be accounted
for through a full resummation of this quantity utiliz-
ing a numerical matrix-logarithm method. The predic-
tive power of our framework resides on quantitative con-
straints of the input interaction kernel, which we achieve
by fitting our calculations of the heavy-quark free energy
to pertinent results from lattice QCD. Our approach also
serves to fill the gap between perturbative approaches
and strongly coupled limits of conformal field theories
where the information on spectral properties and the un-
derlying degrees of freedom is not readily available.
We start from the expression of the grand potential as
a functional of the full single-particle propagator, G,
Ω(G) = ∓Tr{ln(−G−1) + (G−10 −G
−1)G} ± Φ(G), (1)
where the trace (Tr) indicates 3-momentum (p) integra-
tions and sums over Matsubara frequencies (ωn) and in-
ternal degrees of freedom (e.g., spin); G0 denotes the
bare propagator. The single-particle self-energy can be
expressed as a functional derivative of the LWF,
Σ(G) = βδΦ(G)/δG , (2)
where Φ(G) is usually constructed by a skeleton expan-
sion to finite loop order [10]. Here we consider a situation
where the self-energy Σ(G) is calculated from a T -matrix
amplitude with kernel V , with formal solutions
T = V + V GGT = (1− V GG)−1V (3)
Σ(G) = TG = (1 − V GG)−1V G . (4)
Integrating Eq. (2), together with Eq. (4), yields
Φ(G) =
1
β
∫
dG(1 − V GG)−1V G = −
1
2β
ln(1− V GG)
=
1
2β
{V G+
1
2
V GGV G+ · · ·+
1
ν
V GG · · ·V G}G .
(5)
The second line recovers the standard skeleton expansion,
Φ(G) =
1
2
Tr
∞∑
ν=1
1
ν
Σν(G)G , (6)
2where Σν(G) represents the ν
th order in the interaction in
the skeleton diagram, expressed as a functional of G [7].
The formally integrated form in the first line of Eq. (5)
is a non-perturbative expression which remains finite for
large V , for which the perturbative series in the second
line is usually divergent. This calls for a practical method
to evaluate the functional integral in Eq. (5).
Toward this end we resolve this expression into discrete
energy-momentum indices (similar to the discretization
of the T -matrix integral equation [11]), and convert the
log-function into a matrix representation. Considering 4-
momentum as a single discretized variable, one can write
the 2-body interaction kernel and single-particle propa-
gators as
Vij ≡ V (k˜i, k˜j)
Gij ≡ G(k˜i)δij , G(P˜ )ij ≡ G(P˜ − k˜i)δij , (7)
where k˜i,j=(iωn,k)i,j are relative in- and outgoing 4-mo-
menta in Matsubara representation, and P˜ is the total 2-
particle 4-momentum in the heat bath. This recovers the
standard inverse-matrix solution [11] to the T -matrix,
T(P˜ ) = [(1− VGG(P˜ )]−1V , (8)
with T (p˜, q˜|p˜′, q˜′) written as T (P˜ − k˜i, k˜i|P˜ − k˜j , k˜j) =
T(P˜ )ij . We can now evaluate the logarithm in Eq. (5)
using a matrix representation, denoted by “Log”, as [12]
Φ = −
1
2
∫
d4P˜ Tr
{
Log
[
1− VGG(P˜ )
]}
. (9)
The “Tr” of the matrix includes relative 4-momentum
and internal degrees of freedom, and is followed by a
scalar integration over P˜ . Equation (9) constitutes a
practical formula to compute the ladder series of the
LWF exactly; it is an example of a primitive functional
of Σ(G), i.e., a category of functional integrals which can
be carried out by a matrix function.
We perform the Log operation by recasting the LWF
as
Φ =
1
2
∫
d4p˜ lnΣ(p˜) G(p˜) . (10)
This can be seen by augmenting the Log in Eq. (9) with
1=[GG(P˜ )]−1[GG(P˜ )] and combining it with the first
(inverse) factor to obtain
LogT(P˜ ) = −Log
[
1− VGG(P˜ )
]
[GG(P˜ )]−1 . (11)
With LogT(P˜ )ij = lnT (P˜−k˜i, k˜i|P˜−k˜j , k˜j), we contract
the diagonal forward-scattering T -matrix with G,
lnΣ(p˜) ≡
∫
d4q˜ lnT (p˜, q˜|p˜, q˜) G(q˜) , (12)
which, together with the remaining propagator G, recov-
ers Eq. (10); note the formal similarity of Eq. (10) with
the skeleton expansion, Eq. (6). With this setup, the
only change in going from the self-consistent self-energy,
Σ(p˜) =
∫
d4q˜ T (p˜, q˜|p˜, q˜) G(q˜) , (13)
to the LWF is replacing the inverse-matrix solution for T
from Eq. (8) by the matrix-logarithm, lnT from Eq. (11)
(and the factor V by GG−1). Standard techniques used
to calculate the T -matrix, such as 3D reductions of the
Bethe-Salpeter equation [13], partial-wave expansions
and center-of-mass approximations (CM) [14, 15], can
be also be applied to calculate lnT , cf. also Ref. [16].
We now deploy this formalism to the QGP within a
Hamiltonian approach, systematically benchmarked by
constraints from lattice-QCD (lQCD) [17–21]. Our main
assumption is that the relevant interactions can be en-
coded in a potential-like driving kernel. Importantly, this
allows to include remnants of the confining force above
Tpc, for which there is ample evidence from lQCD [20].
The effective Hamiltonian is of the form
H =
∑
ε(p)ψ†(p)ψ(p)+
1
2
ψ†(
P
2
− p)ψ†(
P
2
+ p)V ψ(
P
2
+ p′)ψ(
P
2
− p′) ,
(14)
where the summation is over momentum, spin, color and
flavor (Nf=3 quarks plus gluons; for simplicity we as-
sume spin degeneracy), and ε(p)=
√
M2 + p2 with bare
masses,M . For the 2-body potential we make the ansatz
V (p,p′) = FCVC(q)B(p, p
′) + FSVS(q)/R(p, p
′) (15)
where q = p − p′ is the 3-momentum transfer and B,
R are relativistic corrections [22]. For the color factors,
FC,S , of the different two-body channels we use Casimir
scaling for both Coulomb and string potentials, albeit
with absolute values for the latter to maintain a strictly
positive string tension [21].
The in-medium potential is constrained following
Ref. [23] by calculating the static heavy-quark (HQ) free
energy, FQQ¯(r, T ) (as well as quarkonium correlator ra-
tios [15, 22, 24]) within the T -matrix formalism. This
includes imaginary parts in the 2-body potential and
the single-quark propagators calculated self-consistently
from the heavy-light T -matrix. The ansatz for the input
potential, taken to be of in-medium Cornell-type [25, 26],
VC + VS = −
4
3
αs
e−mdr
r
−
σe−msr−(cbmsr)
2
ms
, (16)
is fitted [27] to recent lQCD data for FQQ¯(r, T ) [19] and
pseudoscalar quarkonium correlators [28, 29]. An extra
term, −(cbmsr)
2, in the exponential of the string inter-
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FIG. 1: Left: Temperature dependence of the fitted masses
(solid lines) and emerging widths (dotted lines) for quarks
(red lines) and gluon (blue lines), as figuring in the description
of the pressure, P/T 4, from lQCD [18] in the right panel.
action is introduced to better capture the residual effects
of string breaking in the QGP. The screening mass of
the string term, ms = (csm
2
dσ/αs)
1/4, is obtained from
a one loop calculation for the Debye mass of VS (cf. also
Ref. [30]). The infinite distance limit of the color-singlet
potential, − 43αsmd+
σ
ms
, equals twice the Fock term for
an individual static quark. The parameter values of the
self-consistent fit are: cb=1.3, αs=0.270, σ=0.225GeV
2,
md=-0.238GeV + 2.915T , and cs=0.01. Compared to
previous work [22], the Casimir-scaled string term en-
ables a better description of the color-octet free energy.
We recall that the fit solutions to the self-consistent HQ
potential are not (yet) unique [23], but allow for both
“weak” and “strong” potentials, where the former is close
to the free energy while the latter rises significantly above
it providing a larger force. We here focus on the “strong”
solution.
The remaining task is to solve the model for the EoS.
We utilize the bare quark (Mq) and gluon (Mg) masses
in the Hamiltonian, added to the self-consistent Fock-
masses, as our two fit parameters to reproduce lQCD
data for the pressure [27]. This is done by numerical it-
eration to self-consistently solve T -matrices, Eq.(8), and
self-energies, Eq. (13), for a trial mass value, and evaluate
matrix-log for the LWF Φ. At low temperatures,Mq/Mg
approaches CF /CA=4/9, the ratio of Casimir factors for
fundamental and adjoint representations in SUC(3), re-
flecting the infinite-distance limits of the static potential.
At high temperature, the ratio Mq/Mg approaches the
perturbative value,
√
1/3/
√
3/4 [31].
The resulting temperature dependence of the quark
masses tends to be weaker than in quasi-particle mod-
els [31–34], cf. left panel of Fig. 1. In particular, it
does not show a large increase toward Tpc. Rather, the
marked drop in the scaled pressure, P/T 4 (right panel of
Fig. 1), is caused by the many-body physics as reflected
by the increasing role of the LWF encoding the bound-
state contributions [35], suggesting a transition from par-
ton quasiparticles to hadronic degrees of freedom. This
interpretation is corroborated upon inspecting the self-
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FIG. 2: In-medium spectral functions for quarks (upper pan-
els) and gluons (lower panels) at T=194MeV (left panels) and
T=400MeV (right panels) for 3-momenta p=0-3GeV.
T=194MeV
T=258MeV
T=320MeV
T=400MeV
0.0 0.5 1.0 1.5 2.0 2.5
0
5
10
15
20
25
ω (GeV)
Im
T
(1
/G
e
V
2
)
ImT Mesonic Channel
S wave
T=194MeV
T=258MeV
T=320MeV
T=400MeV
0.0 0.5 1.0 1.5 2.0 2.5
0
50
100
150
200
250
ω (GeV)
ImT for gluon-gluon
singlet S wave
FIG. 3: Imaginary part of the in-medium T -matrix for P = 0
in the color-singlet qq¯ (left) and gg (right) channels.
consistent spectral functions implicit in the calculation.
At low temperatures and momenta, the strength in the
light-quark spectral functions spreads over an energy re-
gion of ∼1GeV, cf. Fig. 2. Their maximal on-shell widths
reached at vanishing 3-momentum, Γ=−2ImΣ(ω, p)|p=0,
are comparable to or larger than their masses, suggest-
ing a loss of parton quasiparticles in the strongly cou-
pled medium. This is different from quasiparticle mod-
els [31, 33, 34] where the quark widths are zero or small
compared to their masses. In addition, large negative
real parts of the low-energy self-energy, ReΣ(ω, p), gen-
erate a low-energy solution for the dispersion relation,
ω−
√
M2 + p2−ReΣ(ω, p) ∼ 0, corresponding to a collec-
tive mode caused by off-shell interactions through near-
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FIG. 4: Viscosity-to-entropy ratio (dashed line) and charm-
quark diffusion coefficient scaled by the thermal wavelength
(solid line) within a strongly coupled QGP.
threshold resonances, cf. left panel of Fig. 3. The latter
emerge in the two-body T -matrix as Tpc is approached
from above. The situation is similar for gluons (lower
panels in Fig. 2) and their interaction amplitudes (right
panel in Fig. 3). Their spectral distributions also develop
low-energy collective modes well below the nominal ther-
mal gluon mass and 2-gluon threshold, respectively. The
large mass of gluons near Tpc suggests their decoupling
from the hadronization process of the system.
Despite the large increase in the degrees of freedom,
the parton widths Γ vary little with increasing temper-
ature, (cf. Fig. 1), quite different from the perturba-
tive expectation, Γ ∝ g2T , and another manifestation
of the increase in interaction strength as T → Tpc from
above. This increase is largely driven by the formation
of pre-hadronic resonance as discussed above. With in-
creasing temperature, the resonances dissolve, which, in
turn, leads to better defined quasiparticles. In this sense,
our self-consistent approach exhibits a smooth transition
from hadronic to quark degrees of freedom as temper-
ature (or 3-momentum) increases. The color-singlet qq¯
bound-state mass of ∼0.8GeV near Tpc is tantalizingly
close to the vacuum ρ-meson mass (with a broad spec-
tral function not unlike results from in-medium hadronic
calculations [36]).
We finally utilize our results to compute two promi-
nent transport coefficients of the QGP, the spatial charm-
quark diffusion coefficient, Ds, and the viscosity η. For
Ds, we employ the formalism of Refs. [15, 22] with
an additional off-shell extension [37] to account for the
quantum effects of the charm-quark spectral functions.
Schematically, the friction coefficient can be expressed as
A(p) =
〈
(1−
p · p′
p2
)ρiρiρc
〉
(17)
where p is the incoming (outgoing) charm-quark momen-
tum and the ρi(c) are the light-parton (charm-quark)
spectral functions. The diffusion coefficient follows as
Ds = T/(A(p = 0)M). For η, we employ the stan-
dard Kubo formula using the leading-density energy-
momentum tensor [38] with relativistic extension,
η = lim
ω→0
∑
i
pidi
ω
∫
d3pdλ
(2pi)3
p2xp
2
y
ε2i (p)
ρi(ω + λ, p)ρi(λ, p)
× [ni(λ)− ni(ω + λ)] , (18)
where ni(ω) are the thermal distribution functions of par-
tons and di pertinent degeneracies. Higher-order correc-
tions are expected to be small [39–42], which we have
checked within our approach.
The results for the dimensionless quantities Ds(2piT )
and 4piη/s (s: entropy density) reach close to their con-
jectured lower quantum limit of 1 [43–48] at low tem-
peratures, see Fig. 4. They increase with temperature
reflecting a weakening of the coupling strength in the
QGP. Interestingly, they also diverge from each other in-
dicative for an approach toward a weakly coupled regime
where one expects Ds(2piT )/[η/s(4pi)] = 5/2 [49, 50].
In summary, we have set up a non-perturbative quan-
tum many-body approach for the QGP whose interaction
kernel is firmly rooted in lQCD. Utilizing a numerical
resummation technique for the LWF we computed the
EoS of the QGP and fitted it to lQCD data including
dynamical resonance formation self-consistently. As the
temperature decreases towards Tpc, the resulting parton
spectral functions acquire large widths leading to a melt-
ing of the quasiparticle structure at low momenta, driven
by the emergence of hadronic states which in turn become
the dominant degrees of freedom. The calculations of the
the shear viscosity and heavy-quark diffusion coefficient
corroborate the presence of a strongly coupled QGP near
Tpc while indicating a transition to a more weakly cou-
pled regime at higher temperature. Future tests and ap-
plications of this framework include extensions to finite
chemical potential and implementations into heavy-ion
phenomenology. It will also be interesting to deploy this
formalism to strongly coupled cold-atom gases, where re-
lated mechanisms are believed to be operative [51–53].
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